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Laplace’s tidal equations were solved for the M, tide in a realistic model of the world oceans based on the
observed topography of the ocean bottom. When friction was neglected, the theoretical tides came out
high, but of the right order of magnitude. The tidal heights proved to be sensitive to changes in the con-
figuration of the coastline, indicating a state of near resonance. However, the positions of the amphidromic
centres remained stable and were located close to the empirically deduced amphidromes. A fine computa-
tional grid was required to assure numerical convergence of the solution.

A solution was also carried out with friction included, on the assumption of a bottom frictional force
proportional to the first power of the velocity. For a coeflicient of friction appropriate to tidal currents in
shallow waters, the theoretical tidal heights came out in fair agreement with the observed values. With
friction included, the solution proved insensitive to changes in the configuration of the coastline, and the
numerical convergence was also improved. The resulting rate of tidal dissipation was higher than the
observationally deduced values, but the excess is within the uncertainty of the latter.

Our solution for the M, tide is given in figure 10, and the corresponding tidal current chart in
figure 12. Figure 11 gives a comparison of the Middle South Atlantic amphidrome, which was derived
from theory, with tidal observations in island stations.
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414 C. L. PEKERIS AND Y. ACCAD

1. INTRODUCTION

From Laplace’s tidal equations, which date back to the year 1775, and from the known tidal
potential and the topography of the ocean bottom, it should be possible to determine the tide
theoretically at every point inside and on the coasts of the real world oceans, without having
recourse to tidal observations at all. In this paper we present the results of the first phase of such
an investigation. The aim in this phase was, in the first instance, to develop suitable numerical
methods for handling a system of linear equations involving some 50000 unknowns. The un-
knowns are the amplitudes and phases of the two components of velocity at each grid-point in
the ocean. With our computer Golem, which is of the ‘third generation’ class, we have been
able to come down to a grid-size of only 1° in latitude and longitude. The ocean was delineated
to the same degree of fineness, as shown in figures 1 and 10.

In the original Laplace’s tidal equations, friction was neglected entirely. Since the frictional
forces are quadratic in the tidal velocities, which would complicate the calculations considerably,
we limited ourselves initially to a frictionless ocean, and the results are presented in §2. Given an
ocean model in which the coastline is defined by arcs of length K in longitude and latitude, and
a solution of the tidal equations obtained for this model in which a computational grid £ (< K)
was used, the first question that we investigated was how small £ has to be taken in order to
assure convergence (as k is decreased) of the finite-difference scheme to the solution of the tidal
differential equations. By carrying out a solution with & halved, we found that in the case of an
ocean bounded by a ‘smooth’ coastline (figures 3, 4), £ can be taken as large as K. In the case of
an ocean model defined by a ‘rough’ coastline (figures 5, 6), £ must be reduced to K or less in
order to ensure numerical convergence.

The second question that arose is how sensitive the theoretical tides are to changes in the con-
figuration of the coastline, assuming, of course, that in each case an adequate value of the
computational grid & was used to assure numerical convergence. In the case of the frictionless
ocean models, we found that the theoretical tides are sensitive to changes in the coastal con-
figuration, as shown in table 2 and in figures 2 and 3. This points to a state of near-resonance
for the M, tide. On the other hand, the positions of the amphidromic systems turned out to be
relatively stable (figure 7 and table 1), in spite of the large variations in tidal amplitudes
between the various models.

The neglect of tidal friction thus leads to slow numerical convergence and, in addition, yields
tidal values which on the one hand are too large in comparison with the observed values, and on
the other hand are sensitive to the details of the coastal configuration. It appeared therefore
that inclusion of tidal friction cannot be avoided. Section 3 presents our solution of Laplace’s
tidal equations when friction is included. In this investigation, we made the simplifying assump-
tion that the bottom frictional force is proportional to the first power of the velocity (equation (4)),
rather than to the second (equation (3)), which is required both by experiment and by geo-
physical observations. However, once the solution based on the linear friction law is available,
it appears to be feasible to achieve a solution also for the square law, and we plan to carry out
such a solution in the second phase of this work.

It turns out that, with an assumed linear law, the frictional effect appears in the tidal equa-
tions (17) and (18) only through the single factor (1 —iy), which has the value 1 in the case of
no friction. We have found that the effect of friction becomes significant after y reaches a value
of about 0.5 near the coast. In this calculation we have let y decrease from the coast inversely as
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SOLUTION OF LAPLACE’S EQUATIONS 415

the second power (instead of the first) of the ocean depth (equation (20)), in order to minimize
the effect of friction in the interior of the ocean. In our ocean model there is no shelf, and the
coast is essentially the 1 km depth contour, at which depth frictional effects in the real ocean are
effectively small. However, the value of y adopted gives us a frictional force near the coast in our
model of the same order of magnitude as is found near the shallower coast in the real ocean.

The tidal solutions obtained for the ocean with friction included gave the following results:

(a) Even for an ocean model with a rough coastline, the solutions were stable as the computa-
tional grid k£ was reduced (compare figure 8 with figure 9).

(b) The solutions were insensitive to moderate changes in the configuration of the coastline
(compare figure 9 with figure 10).

(¢) The tidal amplitudes came out of the right order of magnitude when compared with the
observed values.

(d) Even when friction is included, the phases of the tides were still somewhat advanced
relative to the observed values.

(¢) The rate of tidal dissipation by friction in the ocean came out about twice the value of
3TJ/st deduced by Munk & MacDonald from the observed acceleration of the Moon. The
latter is, however, uncertain, possibly by a factor of 2, since Jeffreys deduces a value from the
observations which is half as large.

The indicated state of near-resonance to the M, tide in the absence of friction prompts the
speculation that in geologic history only those configurations of the ocean bottom had perm-
anence, and were not subjected to violent erosion by tidal currents, which provided sufficient
shelf area to generate the frictional forces required for the damping of the tides.

In the matter of comparison of observed tides with our theoretical values, we confine our-
selves at this stage mainly to one point, discussed in § 5, which is the question of the reality of the
Middle South Atlantic amphidrome shown in figure 10. This amphidrome has not appeared in
any of the empirical tidal charts published hitherto. Using data for island stations, we show in
figure 11 and in table 3 that the observations tend to support the existence of this amphidrome.

The tidal current chart for our solution given in figure 10, is shown in figure 12. We note that
at the positions of the amphidromic centres, the tidal currents do not vanish, like the tidal
elevation, but have a normal value.

2. SoLUTION OF LAPLACE’S TIDAL EQUATIONS
FOR A FRICTIONLESS OCEAN
(a) Topography of the ocean bottom

In this investigation, we have solved Laplace’s tidal equations for the real world oceans,
including a frictional term. Since the variable depth of the ocean bottom #(f, A) enters in
Laplace’s equations, we had, as a first step, to decide on a model of the ocean which would
represent as closely as possible the real depths and the actual shape of the coastline.

The finest model we have dealt with so far is a “1° ocean’, in which the coastline is defined by
arcs of 1 degree in longitude and in latitude, as shown in figure 1. In this map we have drawn
the contour lines of equal depth in steps of 500 m. The coastline is essentially the 1 km contour
line. This map is of a preliminary nature, and is intended only for the purpose of testing
our numerical solution, rather than as a definitive chart. It is based on data taken from the

t 1TJ =1022] = 10 erg.


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

C. L. PEKERIS AND Y. ACCAD

416

geographical latitude

*SOIOW UI SUBI00 plaom jo sy3dap jo saul mnojuo) *F 1 deN 'T TIN0L]

apm1Suo]

VW ALIIDOS guonidenvar VY ALLIDOS

@\ TVAOY dH L 1vDIHdOSOTIHd

40

SNOILDVSNVYIL

V TVAOY IH.L 1vDIHAOSOT1IHd

L ‘opnine] J0)edIdA


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

417

SOLUTION OF LAPLACE’S EQUATIONS

geographical latitude

*50'T = ¥ pus uonendwoo {y 1 dejq apn gy 2y3 10f (— ——) (somowr) sour| 95ur100 pue ( ) SOUI[ [eP1IO) *F HANDLY

apnitSuo|

08l oGl ozl 06 09
]

80I-

ALIIODOS 10 10
SNOILDVSNVYL SNOILDVSNVIL
TVAOY dH L 1vDIHdOSOTIHd TVDIHAOSOTIHd

1 ‘opniner J0jedIdA


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

C.L.PEKERIS AND Y. ACCAD

418

geographical latitude

‘ce960 = mg/o = [,z = ¥ pusS uonemdwoo ¢y 7 degy opn Yy 9Y3 10 (~ ~—) (s9XPU) soul] 25UBIOD pur (

) sour] [epnop) g MNOL

apmiSuof
06l ozl 06 08 o¢g 0 og- 0S- 06- oz2l- 0SI- 08i-
I ] I I I I ] f I I | I I I I I I [ I I I I I I _ I I [ [ I I I _l
gz \I
oz
_\_6L70lg ~Ovz 942
o e LA
om_«/\/(/ e N
WMT}\,LN\\ -
oe |
e
- \
S ! 08 |
. 8¢ ! ¢ T
O coeed— [ 067
N < /o../ //oow /N\.* o.mo_mx_r ]
2 9 ol
~ . 0_ e
410 X 40
ALIIDOS syosvsnval WV ALIROS snouavenvan

TVAOY dH L 1vDIHdOSOTIHd

V 1TVAOY IH L IVDIHIOSOTIHY

09

og

o

)
"

06-

80I-

L ‘opmirie[ I03eOIIA


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

419

SOLUTION OF LAPLACE’S EQUATIONS

geographical latitude

09-—

oS-

og-—
0ocr
Ol -~

02 -
og —
ob

0¢

09 -

'6g96°0 = mglo = 4,1 = y puS uoneindwod {y g depy opn ¥y oy} 10} (~—~) (somowr) sourf aSuei0d pue (

0sl ozl 06 09 og

opmi3uof

0 og- ozcl-

) S9UI[ [ep1IO) *§ FANDIL]

O6SI-

T T T T T T T T T T T

T 1T T T T T T T T T T T T T 1

I

Fe Ve —Yos
pad 4 yd \/4 ol2 08I
Ve Va y 7 0b2 .

- oz ,

b2

b/ o XSV
or” { IIRE L,
/ A2~
st oz / - oe
ou_ylﬁi 7 4
T o087
Na
1\ hY /mvm Q
CORR

—801

—801-

ALIIDOS 1o
VTR0 AL e s

ALIIOOS

40

B L

L ‘opnine| I01edII


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

C. L. PEKERIS AND Y. ACCAD

420

geographical latitude

CL-

0S-

oG-

O%-
og-
02-

ot -

Ol
(074

og
ov

0s

09

0L

0296'0 = mg/o = [, = y pus uonendwod {g g depy "opn

o8l oGl 0¢li

Sy o 10§ (- ——) (sexjowr) sour] o8ue10d pue (

06- 0zi-

) sour] [epnoy) ‘G TANDI

0G1- o8l-

1T T T T 1

I

1T T 1

o
oL

ALIIDOS g\ n115vsnvaL

TVAOY dH L 1vDIHdOSOTIHd

L/ ALIIOOS

V 1TvAOd IHL

10
SNOILDVSNVYIL
TVOIHdOSO1IHd

801

o6

09

og

=)

L ‘opniTie] I0)BOIA

o)
e

09-

06-

80l-


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

421

SOLUTION OF LAPLACE’S EQUATIONS

geographical latitude

0L-

0g-

oS-

oL

'G896'0 = @g/o = [¢,1 = y pus uonendwod {g 7 depy opn *py oY) 10§ (— —-) (somow) sour| 98urIOd pue (

ogl

ocl

apmSuo]

) souI] [eprIo)) *g TANOIY

osl- osl-

T

I

T

=

T

om- om_-
T T T 1

I

1 I
1
-

—801

obe

|
o

l
o}
"

Lmo_.

ALIIDOS g\ n115vsnvaL

| TVAOY dH L 1vDIHdOSOTIHd

ALIIOOS

VYV 1TVAOY4 IHL

10
SNOILDVSNVYIL
TVOIHdOSO1IHd

4 ‘opmirye| I01eOISIA

A.

Vol. 265,

42


http://rsta.royalsocietypublishing.org/

/|
e A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

JA \
%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

422 C.L. PEKERIS AND Y. ACCAD

publications of the International Hydrographic Bureau and the U.S. Navy Oceanographic
Office (Dishon 1964). Where measurements were available, the depth at a grid point was taken
as the average of the recorded depths inside the square of one degree.

These data were then subjected to a smoothing operation. The depth # at a given grid point
was determined from the depths %(d) in the neighbouring grid points, situated at a distance d
from the station, through the smoothing operation (Dishon 1964)

_ ZW(d) h(d)

h = W; (1)

W(d) = (R~ d)|(R+ ). (2)

We took the radius of smoothing R to be 12°. When a 5° radius R was tried, the numerical
solution for the tides became unstable (in the case of the frictionless ocean model).

The total number of depth stations on which the map in figure 1 is based is 27000. Over
1 million depth stations have now been processed (Dishon & Heezen 1968), from which a more
representative topography of the ocean bottom will be obtainable.

(8) Solution of Laplace’s tidal equations for model oceans
defined by ares of 2°, and by arcs of 1°

We have solved Laplace’s tidal equations for the M, tide in the 1° ocean shown in figure 1,
and the results are shown in figure 2. The dashed lines are corange lines, and the tidal amplitude
is given in metres. The solid lines are cotidal lines referring to the time of Moon-transit through
the meridian of Greenwich. With a tidal potential having a form K cos (6¢+A), our tidal
height has the form 4 cos (o¢+1). Hence the phases 3 written on the cotidal lines correspond
to lunar hours for the time of high tide after lunar transit at Greenwich, as follows:

Y 0 330 300 270 240 210 180 150 120 90 60 30
h 0 1 2 3 4 5 6 7 8 9 10 11°

One notes a number of amphidromic systems in which the amplitude of the tide vanishes. If we
denote the sense of an amphidromic system as the direction in which high tide occurs pro-
gressively later, then generally the rotation of the tide in the amphidromic systems is in the
direction of the Earth’s rotation, i.e. counter-clockwise (cyclonic) in the Northern Hemisphere,
and clockwise in the projection of the Southern Hemisphere. Most of our results refer to a
‘2° ocean’, in which the coastline is defined by arcs of 2° in longitude and latitude.

Before discussing the actual solutions which we obtained, let us stop to reflect on the type of
results we may expect. Were our tidal solution—based as it is on the assumption of complete
neglect of friction—to yield tidal ranges and tidal phases which agree with tidal observations,
then we should consider such a solution as unsatisfactory. Friction would be expected to reduce
the ranges and to cause a delay in the times of high tide. The solutions which we obtained for a
frictionless ocean do meet these criteria. Our tide ranges are never smaller than the observed
tidal ranges, and our tidal phases show an advance of about 3 h relative to the observed tidal
phases.

Consider the solution for the 2° ocean shown in figure 3. In this ocean there are about 12000
grid points leading to a system of 46400 real equations for the amplitudes and the phases of the
two components of velocity. In the North Atlantic we find three amphidromic systems, one near
the Faeroe Islands, another, the principal one, at about 48° N, 31° W, and a third one in the
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424 C. L. PEKERIS AND Y. ACCAD

Caribbean Sea. The locations of these agree with those which have been deduced previously by
Dietrich and predecessors from tidal observations on the coasts. The first question we want to
ask is, how reliable is the solution? In this solution we used a computational grid £ of 2° for an
ocean whose coastline is defined by arc lengths of 2°,

In order to ascertain the degree of convergence of the 2° solution, we undertook to determine
the tide in this ocean using a computational grid £ of only 1°. The £ = 1° solution of map 2° 4
is shown in figure 4. There is hardly any change in amplitudes, phases, and in the configura-
tion of the amphidromic systems as we go from the £ = 2° solution shown in figure 3 to
the £ = 1° solution shown in figure 4.

Next, we take map 2° B, in which we introduced Iceland, New Zealand, Madagascar, Japan,
and we have also refined the coastline by adding bays, etc. The & = 2° solution of this model
ocean, shown in figure 5, has a configuration of amphidromic systems which has changed little
from map 2° 4. However, the maximum tidal ranges have increased from 3 m to about 8 m.
This would indicate a sensitivity of the tidal solution to details in the configuration of the coast.
In order to ascertain the degree of convergence of the solution, we have again carried out a
solution for this 2° B ocean using a computational grid of only £ = 1°. The results are shown in
figure 6. The maximum tidal range in the North Atlantic has been reduced from 6 m in figure 5
to 5 m in figure 6. In the Bay of Bengal, an initial tide of 8 m was reduced to 5 m.

The conclusion that suggests itself from these results, which were obtained for a frictionless
ocean, is that (a) the tidal solution is sensitive to small changes in coastal configuration, and that
(b) when the coast is ‘rough’, the computational grid-size £ should be less than the grid of the
coastline.

We now go back to the ‘1° ocean’ shown in figure 2. Here the computational grid is £ = 1°.
The maximum tide height in the North Atlantic is now 12 m, while in the Bay of Bengal it is
only 3 m. Still, the configuration of the amphidromic systems has not changed appreciably
from maps 2° 4 and 2° B. This is shown in figure 7, which gives our three solutions for the
North Atlantic, together with the semi-empirical solution derived by Hansen (19526) from
coastal observations. A noteworthy feature is the observed crowding of cotidal lines around
Dakar, which all our three theoretical solutions reproduce. Also reproduced is the nearly
horizontal belt of cotidal lines stretching from the Caribbean to Dakar. We also note that the
cotidal lines of Hansen’s map are about 3 h later than in our maps.

Table 1 gives the coordinates of the major amphidromic systems in our three solutions
(@ = 0), together with those determined empirically by Dietrich (Hansen 1952a). The agree-
ment is generally good.

3. SOLUTION OF LAPLACGE’S TIDAL EQUATIONS UNDER THE ASSUMPTION
OF A BOTTOM FRIGTION FORCE PROPORTIONAL TO THE VELOCITY
(a) Bottom friction
Our solutions for a frictionless ocean, presented above, have given generally too large tidal
amplitudes, and phases which are advanced by about three hours relative to the observed
tides. They have also shown a sensitivity to changes in the configuration of the coast. All of these
features would be expected to be improved by the introduction of friction. The magnitude of
tidal friction can be estimated from the tidal dissipation which is required to account for the
observed lunar secular acceleration. Munk & MacDonald (1960) arrive at a value of 2.7 T]/s


http://rsta.royalsocietypublishing.org/

)\
C

|

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L A

@ A

I §
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

SOLUTION OF LAPLACE’S EQUATIONS 425

for the astronomically determined lunar rate of tidal dissipation, while Jeffreys’s estimate
(JefIreys 1962) is about half that value.

Now the generally accepted law of bottom friction for the ocean is represented by a frictional
force per unit area Fp which is proportional to the square of the velocity U

Fy = —xpU|U|. (3)

The drag coeflicient « is taken to have the value of 0.002. This value was found to hold for the

drag of the wind on the ground, as well as for bottom friction in rivers and in tidal currents.

Taylor (1919), in his investigation of tidal friction in the Irish Sea, found that the above value
of k applies there also.

Instead of the realistic square law of frictional force given in (3), we shall assume, in the first

instance, a linear law F, = —prU. (4)

This approximation is made for analytical convenience, but is considered to be adequate for
our immediate purpose, which is to study the general nature of the modification of our tidal
solution caused by the introduction of frictional forces.

(b) Laplace’s tidal equations in the presence of bottom friction

Now with the linear frictional law given in (4), Laplace’s tidal equations become

ou _got

5{~—2va050 ==L B (5)
v _ g ot r

gp HAoucost =~ TR (6)

where « and v are the southern and eastern components of tidal velocity in a spherical system of
coordinates, k= h(0,2) )
is the measured ocean depth at colatitude 6 and longitude A,

§=¢-¢ {=-2 (8)

¢ is the equilibrium tide, and 2 denotes the tidal potential. The variable depth 4(6, A) also
enters the equation of continuity,

oL 1 0 . o(hv)
5E_-—a—;igé{é—a—(husm@)—i— o }, (9)

which serves to determine the tidal height {.
In order to avoid differentiating %(6, A) explicitly, we follow Love (1913) and make the
substitution 4 oF
Y= sind o

(__ 1O G _0F_iG

T sinfad oA ox oA’

. G
hy = asmﬁ—é;, (10)

x = cosf), (11)

whereby equation (9) reduces to (11), requiring no explicit differentiation of 2(6, A). Equations
(5) and (6) then yield

RLf(1—iy) F+if sin®0 cos 6G] + hsin 0 (

+o5 +&

sinf 20 ' oA

1 oF oG _)=O (12)
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0 1 oF oG
801 N ien2 A o (1 oF oG _
R[f?(1—iy)sin?0G 1fcos(?F]+h8A (sinﬁ 80+8/1+€) 0, (13)
f=0/20, R = 40?%?/g = 88166 m, (14)
v(0, A) = r[oh(0, A). (15)
Here a factor of ei*t was assumed for all variables.
We now make the transition to the Mercator latitude 7
T = [ntan0, p(0, /\) = R/h(0, A), (16)
and obtain Bf(1—iy) F yfﬁcsrslﬁj (cosh27F1+G,\+€) =0, (17)
Af2(1—1iy) 2 2
“oshis G +ifftanh7F + cosh?7F , + G,, = ~ coshEs € 1A (18)
_ 1
: — n2h el — 211
with { = sin?f et = coshz & (19)

The unit of ¢ is H” which is equal to 24.25 cm for the M, tide. We have solved equations (17)
and (18) by finite differences, imposing the boundary conditions of the vanishing of I along a
coastal parallel, and of G along a meridianal segment of the coastline.

The effect of friction manifests itself only by the introduction of the factor (1 —iy) in equations
(12), (13), (17) and (18). The depth A(6, A) appearing in the denominator in equation (15)
for y stems from the inertial mass of the whole column of water on which the frictional force at
the bottom Fg acts.

(¢) The linear law of friction

Now tidal friction is considered to be confined to the coastal areas and to be small in mid-
ocean. In order to maximize tidal friction in shallow waters, we have put

n
7=§7l=a(%"), (20)
where %, denotes the ocean depth near the coast, for which we have assumed a value of 1 km in
our present calculations. The coeflicient r in (4) therefore varies like (%,/k)™1, giving greater
emphasis to the coastal regions (for n > 1). In the tidal maps 8, 9 and 10, where friction was
included, the value » = 2 was adopted.

As to the order of magnitude of the coefficient « in (20), we have some evidence from the
investigation of Grace (1931) on tidal friction in the Gulf of Suez. Grace found that a value of
a = 0.1 fits the M, observations best. Interestingly, Grace applied both the linear friction law
(4) and the quadratic law (3) and found that either one can account for the observed distri-
bution of tidal amplitudes and phases in the Gulf of Suez (2 ~ 44 m), there being even a slight
preference for the linear law.

Doodson (1956), in his study of tides and surges in a long uniform gulf, arrives at values of
for the diurnal (o) tide ranging from 0.86 to 0.95. This would correspond to a value of a of
about 0.5 for the M, tide (o).

The above investigations indicate that where frictional effects are of importance, y may reach
a value as high as 0.5. These investigations were made for shallow waters of about 40 m depth
only. Were we to scale down « to our assumed coastal depth £, of 1000 m, y would be reduced to
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about 0.02, and the frictional factor (1 —iy) in equations (17) and (18) would then differ from
unity by only 2 9%,. Accordingly, we set y to have a value of from 0.1 to 0.5 at the actual coast in our
model ocean, even though for the coastal depth assumed at present such frictional forces are
excessive at the corresponding depth in the real oceans. As our ocean models become more
refined in our future work and 4, is reduced progressively, this formal discrepancy will be
diminished. Another approach is to apply the tidal boundary conditions proposed by Jeffreys
(1968) and Proudman (1941).

(d) Tidal dissipation for a linear law of friction

Under the assumption of the linear law of friction given in (4), the mean rate of dissipation of
tidal energy per unit area per second is

(U.Fgy = —pi(U%, (21)
If U = Acos(ot+1), (22)
then (U.Fgy = —4prd? = —Lpr(|u?] + |0?)), (23)

where # and v are the meridional and longitudinal components of velocity given in (10). The
total energy dissipated by tidal friction per second, D, is given by the integral of (23) over the
oceanic areas:

D = %paszsinﬁdﬁd/\(]uzl + |0®))r = %pa“-o‘szsinﬂ déda (——112— +MG2) r. (24)
h?sin?6 = h?

Substituting from equation (20) for 7, and using the values
p = 1.026 g/cm3, a = 6.371 x 108 cm,

hy = 10°cm, o, = 1.401x 10~%s71, (25)
we get D, = 2.33x 108¢ f f $in@ O dA (ho/)n1[ (F2/sin2 0) + sin® 0G2]
— 2.33 x 1018¢ f dr dA (ho/ )1 (F2 + sechd7G2). (26)

Here 7 denotes the Mercator latitude defined in (16).

4, DISCUSSION OF RESULTS

In table 2 we have summarized the characteristic features of our solutions of Laplace’s tidal
equations, both for frictionless oceans (¢ = 0) and for oceans with friction included. D,
denotes the mean rate of dissipation of energy by tidal friction, where n designates the assumed
dependence of the frictional coefficient 7 in (4) on depth £, as defined in (20).

Map 2° 4 was designed to be smooth in that even Japan, New Zealand and Iceland were
omitted, and the coastline was drawn so as to minimize sharp corners. It proved to be stable
to the computational grid used (figures 3, 4), and the tidal heights came out reasonably moder-
ate even without friction. On the other hand, map 2° B was drawn more realistically with no
consideration given to smoothness. In the absence of friction (figure 5) and with a computa-
tional grid of £ = 2°, the maximum tidal height reached an excessive value of 8.2 m, which was
reduced to 5.3 m when the finer computational grid of £ = 1° was used (figure 6). When
friction was introduced into this model and a value of « = 0.5 was taken, with n = 2, the
maximum tidal height was reduced to 3.3 m even for £ = 2°, as shown in figure 8. This is of the
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right magnitude observationally. We again proceeded to carry out a solution for this ocean
model using a finer computational grid of £ = 1°. The results are shown in figure 9. This shows
that the solution in figure 8, with £ = 2°, has already converged numerically.

TABLE 2. SOLUTION OF LAPLACE’S TIDAL EQUATIONS FOR THE /M, TIDE IN A
FRICTIONLESS OCEAN (& = 0), AND WITH FRICTION INCLUDED (a # 0).

The bottom friction is given by Fg = (poyh) a(he/h)*"*U. D, denotes the mean rate of tidal dissipation
by friction, U the velocity vector, and { the height of the tide. £ denotes the computational grid used.

D, max|U| max[{] figure
map k a n TJ/s cm s7t m no.
1°4 1° 0 . 0 77 12.2 2
1°4 1° 0.5 2 6.6 21 3.4 10
2° 4 2° 0 0 19 3.5 3
2° 4 C1° 0 0 21 3.3 4
2° B 2° 0 0 45 8.2 5
2°B 1° 0 . 0 35 5.3 6
2° B 2° 0.1 1 5.5 25 4.5
2°B 2° 0.1 2 4.5 28 6.5
2°B 2° 0.1 3 2.9 37 7.2
2° B 2° 0.2 3 4.6 31 6.8 .
2° B 2° 0.5 2 6.2 16 3.3 8
2°B 1° 0.5 2 6.0 18 3.2 9

Our theoretical value of around 6T]/s for the rate of tidal dissipation by friction is higher
than the values that have been deduced from the observed secular acceleration of the moon.
Munk & MacDonald (1960) arrive at a value of 2.7 TJ/s for the lunar component of tidal
dissipation, while Jeffreys’s estimate is about half that value. With an uncertainty of a factor of
2 thus indicated in the observationally deduced value, it is premature to conclude that the tidal
friction which we have introduced in our present calculations is excessive.

As to the phases of the tides, (figures 8, 9), when compared with figure 6, show that friction
causes a retardation of tidal phases by about 1 h. On comparing the theoretical phases in the
North Atlantic with Hansen’s values based on observations shown in figure 7, it would seem
that the retardation caused by friction is only about one-third of that required by the observa-
tions. Should this lack of agreement of the tidal phases persist in our future work, a clue might
possibly be sought in the Earth tides.

Although the value of 0.5 assumed for the frictional parameter v is high, it is to be noted that
this value applies only to the coastline, and that away from the coastline y falls off like (%y/%)2.

The results obtained so far with our preliminary solutions of Laplace’s tidal equations indi-
cate that friction may be an important controlling factor in the physics of ocean tides. It would
be of interest to proceed with further refinement of the ocean models and with improvements in
the assumed law of friction.

5. THE MIDDLE SOUTH ATLANTIC AMPHIDROME
On comparing figure 9 with figure 10, one notes that, when friction is included, the
theoretical tidal charts for the two ocean models 1° 4 and 2° B come out very similar, This
insensitivity to small changes in the coastal configuration is reflected also in the closeness of the
positions of the amphidrome systems for figures 9 and 10, as shown in table 1.
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The above results encourage the hope that figure 10 may already be a close approximation to
the theoretical solution for the M, tide in the real world oceans. As a first test we took up a
query by D. E. Cartwright of the National Institute of Oceanography as to the reality of the
Middle South Atlantic amphidrome shown in figure 10. This amphidrome has not appeared
previously in any of the empirically derived charts for the Atlantic Ocean (G. Dietrich, quoted
by Hansen (19524)). We have plotted this theoretical amphidrome, taken from figure 10, on the
real ocean map shown in figure 11. We have also entered in figure 11 the observed phase-lags
for the M, tide at several neighbouring island stations. With «° denoting the observed phase-lag
of high tide behind local lunar transit, the corresponding lag behind lunar transit of Greenwich
is given by fy,, = (k°+ 2A)/30, in units of lunar hours. Here A° denotes the West longitude of the
station. Values of #,,, are shown in figure 11 by the underlined numbers, while the amplitudes
of the observed tides are given in parentheses. We note that the observed tidal retardation at
each of the four neighbouring islands is within 1.2 h of the theoretical values. To the extent that
these data are representative, they provide observational support for a tidal wave advancing
in a counterclockwise direction around the amphidromic point situated at about 21°S§,
15° W,

The observed retardations at the island of Fernando de Naronha, and at Elsehul in South
Georgia, are also in good agreement with our theoretical values. However, at Stanley Harbour
in the Falkland Islands the observed retardation is nearly 3 h greater than the theoretical value.
This station is influenced by the neighbouring amphidrome to the south, whose position is seen
to vary from figure 9 to figure 10. Similar variability in the positions of amphidromic centres is
found in other shallow basins and straits, which could be approximated only roughly in our
ocean model, such as the Caribbean Sea, Indonesia, the Eastern Pacific, and the Bering
Sea.

Although the general appearance of our tidal charts in the Pacific are similar in figures 9 and
10, there is considerable variation for individual stations. The agreement of the theoretical
tidal values with island observations is poor in the Northern Pacific; in particular, on the
American Northwest coast the tide is observed to move northwards, as against a southerly tide
given by our theoretical solution.

On the other hand, in the Atlantic and Indian Oceans the agreement at island stations with
our theoretical tidal values is good, as seen in figure 11, and in table 3. For the island stations in
the Atlantic and Indian oceans, the retardation ¢y, exceeds ¢, by only 1.2 h on the average,
while the average value of Hy,/[Hypg is 1.3,

6. THE TIDAL VELOCITY FIELD FOR THE M, TIDE

The tidal chart in figure 10, which was derived entirely from a solution of Laplace’s tidal
equations (5), (6) and (9) for the 1° 4 model of the world oceans shown in figure 1, gives the
distribution of tidal amplitudes and phases. The corresponding tidal velocity field is shown in
figure 12. This chart should be considered as of a preliminary nature only. It is presented here
in response to requests by many geophysicists engaged in different fields of application,
including the direct measurement of tidal currents in the deep sea.

Now the tidal velocity field can be readily derived, since in our method the velocity functions
F and G are obtained directly from the solution of equations (17) and (18). The components of
velocity u and v are then given by equation (10).

43-2
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In representing the velocity field, we must of course recognize that « and » have different

phases:

u = Acos(ot+y),

v = Bcos(ot+ @),

(27)
(28)

TABLE 3. COMPARISON OF TIDAL OBSERVATIONS ON ISLANDS WITH THEORETICAL VALUES

(H is the amplitude of the M, tide, and ¢ denotes the phase lag)

A
2N

station
North Atlantic Ocean

Flores 1.

Santa Maria 1.
Funchal
Tenerife

Santo Antao
Eleuthera I.
St George’s 1.

/

AL

THE ROYAL A
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South Atlantic Ocean

Ascension 1.
Fernando de Noronha
St Helena 1.

Isla Trinidade
Tristan da Cunha
Stanley Harbour
Elsehul

Scotia Bay

PHILOSOPHICAL
TRANSACTIONS
OF

Indian Ocean

Port Victoria
Port Louis

Addu Atoll

Port Refuge

St Paul 1.
Port-aux-Francais

North Pacific Ocean

Pagan I.
Kusaie I.
Port Rhin
D Midway I.
Johnston 1.
> Honolulu
S
> ~ South Pacific Ocean
O 25 Lord Howe 1.
e — Paagoumene Bay
= Q) Vila Harbour
E @) Kingston
= u Nukualofa
—- Funafuti
<z Aitutaki
o (@) Hanga Piko
E = Caleta Aeolian
e Ou Gambier 1.
[77) 5 ° Ahe
9 Z Nukuhiva
T
O =

area

Azores

Azores
Madeira
Canary I.
Cape Verde 1.
Bahama I.
Bermuda

Falkland I.
South Georgia

South Orkney I.

Seychelles I.
Mauritius

Cocos 1.

Kerguelen

Marianas I.
Caroline I.
Marshall 1.

Hawaiian I,

Tasman Sea
New Caledonia
New Hebrides
Norfolk I.
Tonga I.

Ellice 1.

Cook 1.

Easter I.
Galapagos I.

Polynesian Arch.
Polynesian Arch.
Polynesian Arch.

I.H.B.
reference

2204
2203

377
2317
2204
2212
2170

2257
1040
ATT’ 38
ATT 69
ATT’ 38
2321
1101
2321

2137

24
1099
2208
2196
2348

3048
3049
3048
2210
2167

649

940
2147
1095
2232
1092
2172
2233

948
2168
2348
2347
2260

latitude

39°23'N
36° 57" N
32°38'N
28° 29’ N
17° 01’ N
24° 56" N
32° 24’ N

7° 55" S

3°50" S
15° 55’ S
20° 30" S
37°02’S
51°42’S
54° 02’ S
60° 44’ S

4° 37" S
20° 09’ S
0°34’S
12° 05" S
38°43’ S
49°21’S

18° 08’ N
5°20'N
6°14'N

28° 12’ N

16° 45" N

21° 18’ N

31° 32’ S
20° 29’ S
17° 45 S
29° 04’ S
21° 08’ S

8°32’S
18°51’S
27° 09’ S

0° 26’ S
23° 07" S
14° 32’ S

8° 55’ S

longitude

31°11'W
25° 09’ W
16° 54’ W
16° 14 W
25° 04’ W
76° 09’ W
64° 42’ W

14° 25' W
32° 24’ W

5° 42" W
29° 200 W
12°18''W
57° 51" W
38° 00" W
44° 39’ W

55° 27" E
57° 29’ E
73° 13’ E
96° 53’ E
77° 35" E
70° 13’ E

145° 46’ E
163° 01’ E
171° 48’ E
177° 22'' W
169° 30" W
157° 52" W

159° 04" E
164° 11’ E
168° 19’ E
167° 56’ E
175°13' W
179° 12’ E
159° 47" W
109° 27" W
90° 17" W
134° 58 W
146° 21" W
140° 06" W

H,

obs
cm

39
51
72
69
30
32
37

51
79
34
34
34
45
27
46

40
13
29
27
38
51

17
42
57
11
27
16

59
45
34
57
52

17
21
72
27
12
47

Ht.h

cm

60
85
130
130
40
30
30

45
100
45
45
40
45
25
15

35
50
25
25
40
30

10
30
80
25
80
25

135
110
60
75
85
100
110
35
100
15
80
50

2.0
2.0
1.5
1.0
8.7
0.7
0.0

5.8
6.9
2.9

11.8
9.1
9.0
8.7

0.4
8.9
8.4
10.4
7.7
6.5

9.8
4.3
4.4
3.0
3.5
2.1

10.1
9.0
6.9
8.8
6.4
5.1
7.0
0.5
8.2

11.6
2.9
1.2

0.4
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11.5
8.0
10.9
10.5

4.6
5.8
1.7
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10.8
6.3
8.3
8.3

11.1
7.5
7.5
9.0
6.7

3.5
2.9
2.8
4.0
2.9
3.2

7.5
7.5
7.1
7.1

2.9
3.1
9.5

4.0
2.9
2.0
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so that the velocity vector traces out an ellipse during a tidal period, rather than a straight line.
In figure 12 are shown the major and minor axes of the velocity ellipse at the position of centre.
The velocity vector is the distance from the centre to the ellipse.

From (27) and (28) we get for the square of the velocity vector U?

U? = u2+0% = }(A2+ B%) + 3[ A4+ B* + 242B2cos (2 — 2¢) |4 cos (208 — 2v), (29)

_ (A%cos 2y + B%cos 2¢) ) . _ (A%sin 2yr + B2sin 2¢) 7
COS2Y = [ iy it 9 4*Brcos (20— 24)]F ™27 T T[Ait Bit 242B2cos (29 — 2g) ]k (OO
UZax = 3(A2+ B?) + [A%+ B4+ 242B2cos (2 — 2¢) 13, (31)
UZi, = $(4%+ B?) — [A*+ Bt + 242B2cos (2 — 2¢) 4. (32)

Since the equilibrium tide  appearing as the forcing function in the tidal equations was
assumed, in (19), to have the form
¢ = Kcos(ot+22), (33)

it follows that our time-origin is lunar transit at the Greenwich meridian. Hence the times of
maximum and minimum velocities are given by (29)

tmax = % = (12+%’6) hours, (34)
_Ye T v
bpin = - + Y. (12 +30 + 3) hours. (35)

We have indicated by circles on figure 12 the positions of the amphidromic centres. It is seen
that, while the tide elevation vanishes at an amphidromic centre, the tidal current does not
vanish, but maintains a value not noticeably different from its surroundings. One should
therefore be able to measure tidal currents also in the vicinity of amphidromic centres.

This research was supported by the Office of Naval Research under contract N 0001466~
C0080 and by the National Science Foundation under Grant GA-1062. The reproduction of
figure 11 has been facilitated by the Office of Naval Research, Washington, D.C., U.S.A.,
who kindly provided the negatives from which the printing plates were made.
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